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Abstract. An n-vertex graph is called a small-set expander if any set of size o(n)
contains at most a o(1) fraction of the edges that touch it. The goal of this paper is
to investigate small-set expansion properties of the Johnson graph, which is not a
small-set expander.

We obtain a qualitative descriptions of all small sets that violate the small-set
expansion property in the Johnson graph: we show that any such set is correlated
with some union of small intersections of “basic sets,” where each basic set is a
dictatorship—i. e., belonging to it depends only on containing a single coordinate i.
This condition is necessary and sufficient, since any such set violates the small-set
expansion property.

The statement and its proof are inspired by recent analogous questions on
the Grassmann graph (Dinur et al., STOC’18 and Israel |. Math., 2021) and their
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application to the 2-to-1 Games Conjecture. To prove our results, we build on and
extend the techniques of Dinur et al., Israel . Math., 2021. Subsequently to our work,
the full expansion hypothesis for the Grassmann graph was proved in Khot et al.,
Ann. Math. 2023.

1 Introduction

1.1 Graph expansion

For a regular graph G = (V,E) and a set of vertices S C V, the edge expansion of S, denoted
by ®g(S), is the probability of escaping the set S in a single step. That is, ®¢(S) is the
probability of landing outside S after picking a vertex u from S randomly, and walking along a
randomly chosen edge (1, v).! Unless specifically stated otherwise, when we say “randomly”
we mean uniformly. Expander graphs, i.e., graphs in which any set of size at most half the
vertices has constant edge expansion, are widely used in Theoretical Computer Science in
pseudorandomness, probabilistically checkable proofs, and more (see [27]). One particularly
appealing aspect of expanders is that they have numerous, seemingly different definitions that
yet turn out to be equivalent: a graph is an expander if and only if the second eigenvalue of its
normalized adjacency matrix is bounded away from 1.

Small-set expansion is an incomparable notion of edge expansion. A graph G is called an
(n, 6) small-set expander if any set S of vertices containing at most a 6 fraction of the vertices,
has ®g(S) > 1 — 1. In words, the probability to start from a random vertex in S and stay
inside S after a random step, is at most 1. While this notion is very natural, it is much less
understood: it is often difficult to check if a graph is a small-set expander, as there is no
equivalent eigenvalue-based definition; this is also the reason it is harder to work with. Another
stark contrast is that while, given an input graph, the task of checking whether it is an expander
graph can be done efficiently (as it amounts to computing eigenvalues of the adjacency matrix),
no such results are known for small-set expansion. In fact, it is conjectured in [39, 40] that for all
n > 0 there exists 6 > 0, such that given a graph G = (V, E) it is NP-hard to distinguish between
the case that G is an (1, 6) small-set expander, and the case that G contains a subset S € V with
|S] < 6|V]and ©¢(S) < 1,

1.2 Noisy hypercube

For a parameter ¢ > 0, the noisy hypercube H;[n], defined below, is a widely used weighted
undirected graph in Theoretical Computer Science and in the Analysis of Boolean Functions.
The vertex set V is {0, 1}", and the edges are weighted according to the following randomized
rule. To sample an edge, pick a vertex u = (uy, ..., u,) €g V uniformly at random, and choose
its neighbour v = (v1, ..., v,) according to the distribution T;_. () defined as follows: for each
coordinate i € [n] independently, set v; = u; with probability 1 — ¢ and otherwise resample

!Note that this definition also makes sense for weighted graphs, i. e., graphs in which the edges are assigned
weights.
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v; € {0,1} (thus, the expected value of the Hamming distance between u and v is €n/2). The
edge (u,v) is the output of the procedure, and the weight of an edge (x, y) is the probability
that (x, y) is selected.

The noisy hypercube is well known to be a small-set expander for any constant ¢ > 0: for
every ¢ > 0, there exists ¢ > 0, such that for small enough 6, any set S containing at most a
6 fraction of the vertices has edge expansion at least 1 — 6°. This fact follows from Bonami’s
Hypercontractive Inequality [6, 5, 24], and for Boolean-valued functions, they are equivalent.?
This is helpful in deducing structural results on Boolean functions f: {0,1}" — {0,1} that are
the indicator functions of small sets, such as the KKL Theorem [29], that are then helpful for
constructing PCPs [26, 15, 32, 13], SDP integrality gaps [16, 38], metric embedding lower bounds
[36, 35] and much more.

1.2.1 Level inequalities on the hypercube

The operator Ti_. that defines the edges of H.[n] can be viewed as an operators on function
f:{0,1}" - R. The function Ti_.f: {0,1}" — R is defined by

(Ti-ef)(x) = E )[f(y)]-

y~T—e(x

The Fourier-Walsh decomposition of a function allows one to write any function f: {0,1}" —
R as Fo + F1 + ... + F,, where each component F; is an eigenvector of T_, with eigenvalue
(1 - ¢)!, that are orthogonal to each other. Using the small-set expansion property (or the
hypercontractive inequality), one can show that if f: {0,1}" — {0, 1} is the indicator function
of a set of fractional size 9, then almost all of the mass in the above decomposition lies on F; for
i > Q(log(1/6)) (and this in turn can be used to prove many classical results such as KKL and
Friedgut’s Junta theorem [29, 21]).

1.2.2 Applications of the hypercube

As discussed earlier, the noisy hypercube is a useful building block in various constructions in
Theoretical Computer Science. A typical application of it is to construct PCPs, where a problem
P is reduced to a problem P’ using the hypercube as a gadget. A “good assignment” in P’
naturally corresponds to a Boolean function f: {0,1}" — {0, 1} with local properties (such as
satisfying f(x) + f(y) = f(x + y) for at least } + 1 fraction of the pairs x,y € {0,1}", or being
noise stable, i. e., satisfying f(x) = f(y) with close to 1 probability when x is sampled uniformly
and y ~ T1—¢(x)), and the goal is to extract global/structural information about it. The latter
corresponds to a “good assignment” to the first problem P.

Another application is to Metric Embedding, where the hypercube is folded under some
group of symmetries G, so that a function f: {0,1}"/G — {0, 1} can be naturally viewed as a
G-invariant function f: {0,1}" — {0, 1}, from which some properties can be deduced.

2The Hypercontractive Inequality states that the normalized adjacency operator of H.[n] is a contraction from
Ly (e) to Ly for some p(e) > 2, and the small-set expansion property of the noisy hypercube makes the same assertion
but only with regards to Boolean-valued functions.

THEORY OF COMPUTING, Volume 21 (2), 2025, pp. 1-43 3


http://dx.doi.org/10.4086/toc

SUBHASH KHOT, DOR MINZER, DANA MOSHKOVITZ, AND MULI SAFRA

Inboth applications, the fact that the hypercube has exponential size in 2 leads to deterioration
of parameters (be it (1) the size of the instance in PCP constructions, or (2) the number of points
in the metric for nonembeddability results), thus it could be useful to find alternatives to the
hypercube that contain significantly fewer vertices. There is a known way [4] to “fold” the
hypercube under some group of symmetries, so that it is significantly smaller and still useful
for (some) applications [30, 10].

1.3 The Johnson graph

The Johnson graph J(n, £, t) is a natural potential substitute to the hypercube that has significantly
fewer vertices, defined for integer parameters 0 < t < ¢ < n as follows. The vertex set of the
graph is ([';]), the collection of all size-f subsets of [1], and two vertices are adjacent if they
intersect in size t:

E={(AB)||ANB|=t}.

Denote ¢ = pn, for some 0 < p < 1. Works concerning the Johnson graph [41, 18, 17, 19, 20]
mainly dealt with the case p is constant bounded away from 0 and 1 and t = ¢ — 1, which is
closely related to the Boolean hypercube {0, 1}" with the p-biased measure. Indeed, for such p
analogs of the KKL Theorem, Friedgut’s Junta theorem and the Majority is Stablest theorem are
known. When t = af for « close to 1 (say, @ = 0.99), the graph is closely related to the noisy
hypercube H(1_,)[n], and in particular it is a small-set expander [37].

In this paper we will only be concerned with the case p = 0(1) and t = af where a is bounded
away from 0 and 1. In this regime of parameters, the graph is no longer a small-set expander.
Foreachi € [n] define S; = {A C [n] | |A| = ¢,i € A}, and note that S; is a small set with edge
expansion bounded away from 1. Indeed, it contains (';:11) /(}) = p = o(1) fraction of the vertices
in the graph, and its edge expansionis 1 - (:71) /() =1-t/t =1 -a.

This example (which is also known as the dictatorship function) serves as a basic building
block for a wider collection of small sets with edge expansion bounded away from 1: several
basic sets can be combined by unions of intersections such as (51 N S2) U (51N S3N S4) U S5. One
can show that a union of intersections of constant width, namely in which each intersection
involves only constantly many sets, has far from 1 edge expansion. Also, whenever the width of
union is not too large, the set would be small. The question we address in this paper, is whether
these are essentially the only small sets with exhibiting such behaviour. More precisely:

Question 1.1. Are all small sets S with expansion ®(S) < 1 — 1 correlated with constant-width
unions of intersections of basic sets?

Our results give a positive answer to this question in the case that ¢ is significantly smaller
than n.

1.4 Main results

A set of vertices in J(n, £, t) of the form S = {A | |A| = ¢,i € A} for some i € [n] is called a basic
set.
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Definition 1.2. Let r € N, ¢ > 0. A set S is called (r, ¢)-pseudorandom if for any r basic sets
Sl/ sy Sr/
ISN(S1N...NS)[<elS1N...N5 .

In words, an (r, ¢)-pseudorandom set S contains at most ¢ fraction of the vertices from
any width r intersection of basic subsets. We remark that any (r, ¢)-pseudorandom set is also
automatically a small set. With this definition, we can now state our main result.

Theorem 1.3. For every o € (0,1), and n > 0, there are r € N, € > 0 such that the following holds.
Take large enough ¢ > {y(a, n), and take large enough n > no(¢). Then any (v, €)-pseudorandom set S in
J(n, €, al) has close to 1 expansion:

D(S) > 1-n.

Equivalently, this theorem asserts that a set that has expansion bounded away from 1 cannot
be pseudorandom, thus there are basic sets Sy, ..., S, such that

ISN(S1N...NS)=¢e|S1N...N5. (1.1)

Using this, one can prove a characterization of small sets S whose expansion is bounded
away from 1 as follows. Apply Theorem 1.3 to find a tuple Sy, ..., S, of basic sets, for which
equation (1.1) holds. Defining S = S\ (S; N... N S;), one can show that the expansion of 5" is
not much more than the expansion of S, and thus theorem can be applied again to S’ to find
another tuple satisfying equation (1.1). Iterating this argument, one can extract many tuples
(S1,...,Sy), until a significant correlation is found between S and a width r combination of
basic sets.

A technical challenge that arises when working with the Johnson graph is that it is not

a product graph, and thus its eigenfunction decomposition (the analog of Fourier-Walsh

decomposition) is more complicated to study. Still, any function F: J(n,{, af) — R can be
written as

F=Fy+F +...+Fy, (1.2)

where F; is an eigenvector of the normalized adjacency operator of J(n, {, af) with eigenvalue
~ a'. En route to proving Theorem 1.3, we prove an analog of the level inequalities of the
hypercube:

Theorem 1.4 (Informal). Fix a € (0,1), let £ > () be large enough, and take large enough n > no(¥).
For every € > 0 there exists r € N, such that any set S that is (r, €)-pseudorandom, has all but an o(1)
fraction of its mass on levels i > Q(log(1/¢)).

1.5 Related work

This paper is related to a recent line of work establishing the 2-to-2 Theorem in PCP [33, 11, 12, 34].
A key component in this line of work is a theorem similar to Theorem 1.3 for the Grassmann graph
rather than the Johnson graph, which was subsequently established in [34]. The nodes of the
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Grassmann graphs are {-dimensional linear subspaces rather than size-{ sets. Edges correspond
to pairs of subspaces with large intersection. The structure of the small non-expanding sets in
the Grassmann graph is more complicated than in the Johnson graph, and our Theorem 1.3 was
an important step towards the analogous theorem about the Grassmann graph [34].

In this article, we work directly with the Johnson graph (which is not a product graph) and
this makes the spectral decomposition (1.4) somewhat complicated. To overcome this issue,
we develop an explicit, approximate decomposition that is more convenient to work with. An
alternative approach would have been to replace the Johnson graph with a Cayley, product
graph that is closely related in terms of expansion; indeed, such approach was taken in [34] for
example. We believe however, that the explicit approximate decomposition approach may be of
interest in domains that have no clear product analogs, such as high-dimensional expanders
[2, 25] and may have other merits down the line.

1.6 Proof overview

To prove Theorem 1.3, we use the spectral decomposition in (1.2), and as each F; is an eigenvector
of J(n, £, al) of eigenvalues (roughly) a’, one has that (after using orthonormality)

?
1 .
1-d(S)=— » a'||Fil2

It can be shown, using Parseval’s identity that the contribution of i > r in the above sum is at

r+1

most &’ u(S), so 1 — O(S) < (S) Z a'||E; ||2 + a’*1. Taking large enough r, a’*! is close to 0,

and therefore to complete the proof we must show that the first sum is also small. Here, we

crudely bound
|| ill5
l
a'||Fill3 <r :
(S)Z 2 = u(S)

. . F;i||2 .
||§ is 1(S), hence we refer to the quantity IL(J)Z as the relative

By Parseval, the sum over i of ||F;

spectral weight of S on level i. Thus, the proof of Theorem 1.3 boils down to showing that

pseudorandom functions cannot have large weight on small levels i.

Fill3 .
()
correlated with a Boolean function F; in the extreme case where instead of correlation we would
have closeness, this would allow us to say that the fourth moment of F; is roughly the same as

To gain some intuition, assume this is not the case, i. e., the quantlty is large. Then F; is

|| F; ||;/ 2, Something similar (though weaker) could be said in the case of correlations, and indeed
we are able to establish a lower bound on the fourth moment of F;. To get a contradiction, we
show that due to other considerations, an upper bound on the fourth moment of F; may be
established, and combining these two results gives a contradiction (or more precisely, shows

that | (lél)z must be small if S is (i, €)-pseudorandom).
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For the proof of the upper bound, we need more information regarding the structure of the
level i component of S, i.e., of F;, and as we shall see we may write this function as

FlAl= ). f@)

ICA,|I|=i

for some function f: (['}]) — R satisfying several orthogonality conditions. Thinking of

A€ ([’Z]) as being randomly chosen and then of the f(I) above as random variables, if they
were uncorrelated, we would expect F;[A] to be well behaved, and in particular we would
expect some concentration around the mean to occur. In particular, its fourth moment would
not behave like that of a Boolean function with the same f,-norm, and formalizing this shows
that this would indeed contradict the lower bound we proved earlier on ||F;||s. Thus, at least
qualitatively, the task of upper bounding ||F;||4 reduces to upper bounding correlations between
the f(I), and this is the heart of the matter of our argument that we explain next.
More precisely, it turns out that one has to analyze expectations of the form

E[fCx1, .., x)f(y1, . yn)f(z1, .0 z0) f(wr, ..., wr)], (1.3)

for a certain function of interest f emerging from the spectral decomposition on the Johnson
graph, where the expectation is taken uniformly over x, y, z, w € [n]" thatsatisfy a predetermined
set of equalities of the forma = bfora, b € {x;,y;, zi,w; |i =1,...,r}. We call such expectations
four-wise correlations, since it is an expectation of the product of four values of f on correlated
inputs.

For the analog in the Grassmann graph, one has to study the four-wise correlations

E[f(xlr' . -/xr)f(yll' . 'Iyr)f(zlr' . -lzi’)f(wlr' . -lwr)]l (14)

where now the expectation is uniform over x;, y;, zi, w; € [}, that satisfy a predetermined set of
linear equations in x;, y;, w;, z;. In particular, this set of equations could contain equalities as
before, say x1 = y».

In [12], the authors could analyze the expectations of the form (1.4) forr = 1,2. For r = 2, they
use brute force analysis to enumerate over all possible linear equation systems that determine
the constraints among the variables, and prove an upper bound on each such configuration
separately. The analysis uses a combination of Fourier analysis on f and the Cauchy-Schwarz
inequality, along with the (additional) notion of zoom-outs. As r increases, the number of
configurations grows quickly and a case by case analysis becomes infeasible. It was very unclear
if a more systematic approach is possible that is able to deal with larger r.

In this paper, we present a systematic approach for the Johnson graph (where Fourier
analysis on f and the notion of zoom-outs are not needed). It turns out that (as far as this
analysis is concerned), the Johnson analysis is a special but crucial case of the Grassmann
analysis. Indeed, in the Grassmann analysis, if the only linear dependencies are equalities, then
the analysis, as far as its high level structure/strategy is concerned, reduces to the Johnson
analysis. This turned out to be an insightful step in completing the Grassmann analysis in [34].
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We also show how to analyze higher than four-wise correlations in the Johnson graph. This
leads to improved quantitative results in Theorem 1.3 and in the main technical result used to
achieve it, Theorem 2.18 and its improved form Theorem 2.20.

1.7 Subsequent and future work

We end this introductory section by subsequent developments and future directions.

1. Following our work, the analogous characterization of small sets that have bounded away
from 1 expansion in the Grassmann graph was proven [34].

2. The vertices of the Johnson graph form the Boolean slice of the hypercube, which is a
well-studied object from a combinatorial point of view [18, 17, 19, 20]. It is related to the
study of sharp thresholds of Boolean functions and graph properties [22]. Subsequent
to our work, some progress in this direction [31] was made, including an improved
quantitative version of Bourgain’s Sharp Threshold Theorem [22].

3. Our work has also inspired the study of the complexity of Unique Games over graphs
that exhibit characterizations of small sets that violate the small expansion property [1, 3].
This class extends the class of certifiable small-set expanders, on which Unique Games are
known to be polynomial time solvable.

We next move on to a few open directions that stem from our work.

1. Many results in the PCP literature [26], construction of integrality gaps and non-
embeddability results [36, 35] rely on the small-set expansion property of the (noisy)
hypercube. The quantitative aspect of these results is often determined by the number of
vertices in the noisy-hypercube, which is large. Improving these results can be achieved by
constructing hypercube like graphs (e. g., that have a “small-set expansion” type property)
with significantly smaller number of vertices. We believe that our results can be used to get
improved constructions to the above problems. This task is not trivial since the Johnson
graph is not a small-set expander, but one could hope to instead use the characterization
of sets violating the small-set expansion property given herein. The outer PCP of [33, 12]
is an example in which a characterization of this sort is used.

2. For the Grassmann graph, the characterization of small sets that have non-perfect expansion
implies a “direct product testing” result, i. e., an encoding scheme and a set of (2-to-1) tests
on words, such that any word that passes a notable fraction of the tests must have a global
structure. Our results are related, in the same sense, to the problem of direct product
testing on the hypercube [28, 14, 7]. It is interesting to note that the notion of “basic sets”
appears in many of these works, and often as an intermediate step (if there are more than
2 queries).

2 Preliminaries

In this section we present the necessary background on the Johnson graph.
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2.1 Notation.

We shall use the big O notation: for nonnegative-valued functions f,g : N — R, by f = O(g) we
mean that f(n) < C - g(n) for some constant C > 0 and all sufficiently large n, and by f = Q(g)
we mean that f(n) > ¢ - g(n) for some constant ¢ > 0 and all sufficiently large n. When we
write expectations such as E4[F[A]], unless specified otherwise, we mean that A is sampled
uniformly from the domain of F.

Definition 2.1. Let t < { < n be integers. The generalized Johnson graph J(n,{,t) is defined as

follows: the vertex set is ([?]), the set of all subsets of [1] of size {. Two vertices A, B C [n] are
adjacent if |[A N B| = ¢.

Abusing notation, we denote the normalized adjacency operator of the generalized Johnson
graph by J(n, ¢, t). We think of it as operating on real-valued functions F: ([’(f]) — R.

2.2 Fourier analysis on the generalized Johnson graph

Any undirected regular graph, and in particular J(n, ¢, t), induces a spectral decomposition of
real-valued functions on it. Spectral decompositions on the Johnson graph, and more generally
in association schemes have been studied in the work of Delsarte [9, 8]. In this section, we briefly
present such decomposition (similar to the one used in the context of the Grassmann graph
[12]); we refer the reader to [23] for a more thorough study.

We endow the space of real-valued functions on J(n, ¢, t) with the inner product

(F,G)= E [FIAIG[A]
ac(l)

for any F,G: (['}]) — R. We denote the average of a function F: ([’;]) — R as u(F) =
[EAG([';]) [F[A]]

2.3 Level functions

Definition 2.2. Let t < ¢ < n be integers. For any i = 0, ..., { we define the space spanned by
the first i levels J<; as follows. F € J¢; if and only if there exists f: ([’;]) — R such that for all
Ae ()

FlAl= > ().

ICA,|I|=i

One can easily verify that each J; is a linear subspace, and that J<, contains all real-valued
functions on J(n, £, t). Furthermore, we have that J<; C J<i+1.

Definition 2.3. We define the space of level i functionsby J-; = J<; N ] ;_1. In words, it is the
space of all functions from J<; perpendicular to J<;-1.
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It follows by the definition that the space of real-valued functions on J(#, £, ) can be written
asJ-0®J=-1D ... D J=y.

Definition 2.4. Lett < { < n be integers. Fori =0, ..., { define
{ . B o
)
(D) (i)

A standard fact (see for example [23, Theorem 6.5.2]) asserts that the A;(n, ¢, t) are the
eigenvalues of (1, ¢, t), and furthermore one has:

Ai(n, 0, t) =

Theorem 2.5. Let t < { < n be integers. Forany i = 0,...,¢, and F € ]J-;, we have [(n,{,t)F =
Ai(n, €, t)F. Moreover, dim(J=;) = () — (;",).

The following notation will be convenient.

Definition 2.6. Let j < i < n be integers and f: ([?]) — R. For ] C [n], |]| = j we denote
w(f) = E [fD].
5]

The following simple claim will be used extensively:

Claim 2.7. Let ]’ C J. Then lgrny=p = Y, (=1)V/"V' 115
]//:]Ig]//g]

Proof. Note that as the right hand side is equal to 15y 3. (=1)V"11p5)», it suffices to prove

J7S\J

the statement for ' = (0. For this, we note that 1pnj—p = [] (1 -1 Baj), and the result follows by
j€l

expanding this out. O

We have the following lemma:
Lemma 2.8. Suppose n > 10¢2, and let F € J<; be given by F[A] = . f(I). Then F € ]-; if and only
ICA
if for every R C [n], |R| < i we have that ugr(f) = 0.

Proof. For the < direction, let r < i — 1 and let R be of size r. Then

(F,1azr) = ) FDE [Lazror] = ) FDpirun,
I 1

where p,,, = (7(;1”’;:)
14

for m < ¢ and 0 otherwise. Thus,

(F,142r) = Zr: Pr+i—r Z Zf(l)lmR:R'.
= T

r'=0 R’CR
IR'[=r"
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Using Claim 2.7, we plug in 1jnr=p = X (=D)R\RI1 ;55 and get that
R'CR”CR
.
(F1azk) = 3 praicr o > (DR WIE[f(I)12r0].
=0 lR’|<_ZR R’CR”CR I
R/ :r/

AsE;[f(I)11or~]is proportional to ur~(f) and |[R”| < |R| < r < i—1, all of the above expectations
are 0.

The = direction. We prove by inductiononr =0,1,...,i—1thatif F € |, is given as in the
lemma, and R C [n] has size 7, then ur(f) = 0. The base case, r = 0, follows since u(f) = % =0,
as u(F) =0. 1

Letr < i—1, assume the statement for 7’ < r —1, and prove for r. As in the previous direction

r

0= <Pr 1A2R> = Z Prei-r Z Z (_1)|R”\R/||E [f(])l[ng].
=0 |11§,|QR R’CR”CR [
’ :r/

As Er [f(I)11or7] is proportional to ur~(f), by induction hypothesis it is 0 if [R”| < r, so we get
that only the case that R” = R contributes to the above sum, so

0= ELF D201 Y proicr 3 (DR = ED11e] Y e )
r’'=0 R’CR r’'=0
IR

Thus, since E; [f(I)1or] is proportional to pr(f), to show that ur(f) = 0 it suffices to argue that
the above sum is non-zero. This is true since p, 4+ ( rr,) is an increasing function of r’: we have

Pr+i-r-1 > Epr+i—r’/ rr = r, 1 and % > % > 10, so
[ r'+1 r'lr rl I

4 T 7 r 1 ) Pi
WZ_OPrH'—r’(r,)(_l) > pi — Z (r,)Prﬂ'—r’ > pi — Z sz = 5 > 0. O

o<sr'<r o<sr'<r
2.4 Approximate eigenvalues

The formula for A;(n, ¢, t) is quite complex, and it is not even clear from it what is the order of
magnitude of A;(n, ¢, t). Thus, we shall use the following approximations of A;(n, ¢, t):

()

t
Definition 2.9. Lett < ¢ < n be integers. Fori =0, ..., t define Ax;(n,{,t) = 2, and fort <i < ¢

()
define Ay;(n, ¢, t) = 0.

Lemma 2.10. Forall 0 < j </,

/\]'(7’1, El t) - /\z]'(nl f/ t)| < nng
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Proof. For j =0, a direct computation shows that A~o(n, €, t) = Ag(n, €, t) = 1.
ForO0<j<{set]={1,...,j}, define G[A] = 145 and let F be the projection of G onto V_;.
Then by Theorem 2.5

Aj(n, £, £y (F) = £ [A(n, €, HF[A]] = E [J(n, ¢, t)F[A]] = E

v
|BNA|=t
= E |F[B]lgnj=j|.
2 ,E, [FIBILsnyy]
J'SI \Bra|=t
Note that conditioned on B N | = J’, the distribution over B is uniform over all {-size subsets
intersecting | in J’, so the last sum is equal to

>.pr E [FIBI,
=] BNJ=]

where p is the probability that BN ] = J'. We note that p; = A+j, and we next bound the
expectation for other subsets J. Let gy = Pra[AN ] =]’]. Then

[EA F [A] 1Aﬂ]:]’ "\ 71 IEA F [A] 1A2]”
e (g = 22l - 2, prv | s
ANJ=J q], LSS q}’

where we used Claim 2.7. Since F € V; and 145 € Ve, the expectation in the numerator is 0
unless [” =], so

Ea [F[ANlaz] g5
F[A]| = =LA W .
LB TN = S =

Plugging this above, we conclude that

1

Aj(n, &, Oy (F) = > pp—py(F),
sl
soAj(n, L, t)= 3, py%. Thus,
rer Y
q q (:))
] ] -
|Aj(n,€,t) - ij(n,f,t)| = py— < max — = max —-—.

],Zg vy <))

The maximum is attained at » = j — 1, and by direct computation is equal to % m]

2.5 Decomposition and approximate decomposition

2.5.1 Decomposition

Recall that we have seen that the space of all real-valued functions on (['Z]) can be decomposed

as [0 ® J=1 ® ... ® J-y. For any function F: ([’;]) — R, we denote this decomposition by
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F =F_g+F- + ...+ Fzy where F; € J-;. We also define f-;: ([V;]) — R to be a function that
satisfies

We remark that by dimension considerations, the choice of the function f-; is unique. Indeed,
any function in J<; admits such representation, and as the dimension of J; is ('Z), which is the

same as the dimension of the space of functions G that can be writtenas  },  g(I) for some
ICA, |I|=i

g: ([’Z]) — R. We also remark that by Lemma 2.8, the function f-; automatically satisfies several
orthogonality conditions.
The notion of level i weight of F will be important for us:

Definition 2.11. Let F: ([';]) — R be a function, and let i € {0, 1, ..., {}. We define the weight of

F on level i to be

def

W=[F] = (F-;, F=).

Computing the spectral decomposition. It is easy to verify that F—y = u(F), and it is not very
hard to get an explicit formula for F-;. As i gets larger and larger though, getting a convenient,
precise formula for F—; is more challenging. Thus, in the next section we define approximate
versions of these functions.

2.5.2 Approximate decomposition

Next, we introduce the approximate decomposition and approximate eigenvalues that will be
easier for us to work with. Given a function F: ([’;]) — R, define f.o = u(F). Inductively once
f~j have been defined for all j < i, we define f;: ([’Z.Z]) — R by

for) ' (P - 2 fan)

J&I

foralll € ([’;]). We then define F;: ([’g]) — R by
def
FulAl™= Y fulD).
ICA, [1|=i
To work with f.;, F~; instead of f-; and F~;, we will show that they are close in {, distance.

Theorem 2.12. There is an absolute constant C > 0 such that the following holds. Let n > { > i be
integers such that n > 237+Cp2+1 and et F: ([’;]) — R be a function. Then

24i2+ic 2

2 2
IF=i = Fill3 < =———IIFII%.
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Proof. Deferred to Appendix A.2. m]

For our argument to go through, we will need a few more facts about f.;, F~;. Note that by
Claim 2.8, we have that pr(f=;) = 0 for all |R| < i. The following fact asserts that this is also
approximately the case for f+;(I).

Fact 2.13. Let {,n be integers such that n > 2¢%, and let F: ([Z,’]) — R be a function. Then for all
i=1,.,0,0<j<iand] C[n]ofsize]j,

2,cil
()] < 27 Fl,

where C > 0 is some absolute constant.
Proof. Deferred to Appendix A.1. O

The following fact asserts that if F is bounded, then so is fx;.

Fact 2.14. Let { < n be integers, and let F: ([’(f]) — R be a function. Then for all i = 0,...,¢,
1 fsilloo < 27 1Flls.

Proof. We prove this by induction on i. Note that by definition of f.;, we have that

i-1 /.
1
Ifeilloo < IIFll + ( ].)nfzjnoo.
j=0

Thus, defining a; = max(||F||e, maxo<j<i || f+jlleo), the above inequality gives the recurrence

‘ . Py ‘
a; < ai_1 + (2 = 1)ai1 = 2ia;_1. Hence a; < 27" ag < 2°°||F||eo as a9 < ||F|leo. |

Note that f.; depends of course on the underlying function F. Often times the function
F will be clear from the context, however sometimes we will be dealing with more than one
function simultaneously. In this case we shall denote the function f.; by fx; r.

2.6 Restrictions

Given a function F: (['Z]) — R and X C [n] of size at most ¢ — 1, we define the restricted function
Flx: (%) — R by
F|x[A] = F[ X U A].

The following definition extends the notion of pseudorandom sets from the introduction to
functions.

Definition 2.15. Let » € N and ¢ > 0. For ¢ > r, a function F: ([';]) — R is called (r, ¢)-
pseudorandom if for any set X C [n] of size at most r, ||F|x ||§ < €.
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In this language, the definition of pseudorandom sets is equivalent to saying that the
indicator function of the set is pseudorandom as per the definition above.

The following lemma expresses level i + 1 components of a function F as a function of the
level i components of F and its restrictions.

Lemma 2.16. Let F: (['Z]) — R be a function, 0 < i < { —1and x € [n]. Then forany I C [n]\ {x}
of size i,

frivt, (LU A{x}) = faipy,, (D) = faip (D).

Proof. The proof is by induction on i. For i = 0 the claim is obvious, since we have I = ) and
both sides are easily seen to be equal to i} (F) — u(F).
Let i > 0, assume the claim for every j < i and prove for i. Fix I, then by definition

frisvt, (T U A{x}) = progay(F) = Zfsz(]) - Zf~|]|+1,F(] U{x}). (2.1)
=] Il

Consider the second sum. Since we sum only over | strictly contained in I, we may apply the
induction hypothesis to get that

faner, e T UAXY) = fappey, ) = faipe()-
Plug it into (2.1) to get

Feint f(TUARY) = oy (F) = Y Fe (D) = Y e Floy (D = fep e ()

JcI J<I

= ur(Flgxy) — Z Frin 1 ) = frie(D)

JeI
= faiFly (D) = fxip(D),

in the last equality we used the definition of f.; F|,,- i

Corollary 2.17. Let F: ([';]) — R be function, 0 < i < { —1and X C [n], |X| < i. Then for any
I Cn]\Xofsizej=i—|X|,

Frir@UX)= 37 (DM p (D

YcX

Proof. By induction on |X|. For |X| = 0 this is obvious. Assuming the statement for sets X of
size at most j, let us prove for the statement for |X| = j + 1. Write X = {x} U X’ for |X’| = j.
Then by Lemma 2.16

frip(TUX) = fuicgp, LU X') = fricr(TU X). (2.2)

Applying the induction hypothesis on each term, we get that

fzi—l,FI{x}(I UX’)= Z (_1)|Y|fz]}F|{x}ux'\y(I) = Z (_1)|Y|fz]'rF|X\y(I)

YcX! YCX, Yax
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and
fzi—l,F(I U X,) = Z (_1)|Y|fzj,F|X’\y(I) = Z (_1)|Y|+1fz]./F|X\Y(I)'
YcXx! YCX, Yax
Plugging the two into (2.2) completes the proof. O

2.7 Main results

In this section we state our main results. Our first result is Theorem 1.4 from the introduction,
which in a more precise form states:

20i

Theorem 2.18. There exists C > 0 such that the following holds. Suppose n > 282+iC % %. If S has
density 6 and is (r, €)-pseudorandom, then for every i = 0, ...r,

=i O(i) 5 .1/3
W™ [1s] < e”oe +_n1/24'

We prove this theorem in Section 3. A quick corollary of the above result is Theorem 1.3
from the introduction:

Theorem 2.19. Let a € (0,1), and S be a subset of vertices in J(n, €, al) of density 0. Let r e N, ¢ > 0,
20r 1

and suppose n > 28r+rCp%y 57 and that S is (r, )-pseudorandom. Then

r

o+l O(r) 1/4
DS)>1-a e e pVTYe

The proof is given in Section 4. Finally, we prove the following quantitative improvement of
Theorem 2.18 in Section 5.

Theorem 2.20. There exists C > 0, such that the following holds for r,m € N and 6 > 0 satisfying
n > (2374rCg2ryAm@m=17 5-4 £ G i (r, ¢)-pseudorandom of density 6, then for every i =0,...,r,

. pi e 1ol 23i2+iC gZi
W™ [1s] < (Cm)6e T + G

In words, the above theorem asserts that for constant r, an (r, ¢)-pseudorandom set S
can have at most 6¢17°() of its weight on the first r levels. Ignoring the error terms, the
best pseudorandomness one may hope for, in terms of ¢, is that ¢ = O(0), namely that no
small restrictions increase the density of S by more than a constant factor. In that case, while
Theorem 2.18 asserts that the weight of S on level i is small compared to the measure of S (more
precisely, it bounds it by Oi(64/ 3)), Theorem 2.20 shows a much stronger bound, and in fact that
the weight on level i is not much larger than the weight of level 0. While the latter quantity is
clearly equal to 6, Theorem 2.20 gives a bound of 62 log(1/6)°¥) on the former quantity in the
case that ¢ = O(0) (by picking m =~ log(1/6)). This statement should be compared to the r-level
inequalities on the Boolean hypercube, stating that if f: {-1,1}" — {0, 1} has density 6, then
its Fourier weight on level r is at most 620(log(1/6))".
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3 Proof of Theorem 2.18

Notation. In this section we sometimes use the notation x = y + ¢ to say that |[x —y| < ¢

Let S be an (r, ¢)-pseudorandom set of density 6. Let F: J(n, ) — {0,1} be the indicator
function of S, and let i € {0, ..., r}. For i = 0 the claim is obvious, so consider i > 0. Write the
function F according to its decomposition F = F_og + F—-; + ... + F—, and denote n = W_;[F].
Assume 1 > 5% since otherwise we are done; indeed, then W_;[F] = n < 0% < 6el/3, as
¢ > u(F) = 6. Thus, we have Ex [F:Z-[A]z] = 1, and by orthogonality Ea [(P - F:i)[A]Z] =0-1.

Throughout, C > 0is an absolute constant (that may not be the same in different occurrences),
and we assume that n > 2% +ZC€& <

3.1 Information about the second moment

221 +1C€1

Claim 3.1. Ex [F2[A]] =0+ 2

< 92i2+iC pi

Proof. By the triangle inequality and Theorem 2.12, |||F=i|l2 — ||Fxill2] < ||F=i — Fxill2 < v
Multiplying the inequality by |||F=;||2 + ||Fxill2|, we get that

2212 +iC pi 212 +iC pi 22i2+iCpi\  92i2+iC i
NE=ill3 = IF~ill3] < N [[F=ill2 + [1Fxill2]| < 2[[F=ill2 + Nr < N
the last inequality follows as ||F=||» < ||F||2 < 1 by Parseval. O

Claim 3.2. We have

e WZI[F] 23i2+iC€i _l 23i2+iC€i
B A7) = O v O v

Proof. Expand out E4 [F2 ] On the one hand it is equal to 1 + 2_\/:?‘ by the previous claim

and the condition on n. On the other hand, it is equal to

2
Ell D, AO||=g| >, MU +E[ >, fuilDfuill)
AN\ 1A 1= Al A= A e ca, ij=ir|=i
i-1
2 ’
:(1) 7] +E > A
d=0 II'cA

I|=|I’|=i, [INI’|=d

(1) E [f(D)] +§( )(E_ )( _;)”, II[IEII’| _LfiDfuil)]

d=0
1n
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We shall show that the second sum is small. Fixd € {0, ..., i — 1} and consider the last expectation.
Then it is equal to

E |f~iD) E [filI)]].
I, |I|=i r,|l'=i
AL |=d

Fix I in the outside expectation, and consider the inner expectation. We may write it as

E [fiN-

Dcl |1, |I'|=i

ID|=d L1nr'=D
Fix I and D, consider the distribution over I’ where I’ N I = D; we compare this distribution to
the uniform distribution over all I’ containing D. We note that conditioned on I’ containing D,
the probability that I’ N I # D is at most %; moreover, conditioned on this event the distribution
over I’ is the same as in the above expectation. Therefore, the distribution over I’ in the above
expectation is % close in statistical distance to the uniform distribution over I’ containing D,
and so we have that

! = -) 4+ f .
D[Egl v, |I'|=i ] = D[Eg [IUD(f%z) = ”le”oo]
IN'=D

i24i
Applying Facts 2.13 and 2.14 we get that the expectation in absolute value is at most %, for
some absolute constant C > 0. Plugging it into the first equation in the proof, we see that

N[0 —-d\(¢—i 25i2+iC €3i25i2+iC
(d)(i—d)(i—d) ST

i-1
<

£ [7204] - e 707

A

d=0

and therefore

3in5i2+iC 2i2+iC pi 3i2+iC pi
FE[E A s st =Lt o
(3) 4 G " () v () Vm

We end this section with the following two corollaries, that establish upper bounds on the
second moments of the level components of restrictions of F. We remark that this is the only
form in which the pseudorandomness of F is used in subsequent proofs.

1
[IE[fzz(I)z] =7

Corollary 3.3. Let 0 < b < i be integers, and let B C [n] be of size at most b. Then

ii—bg 23i2+iC€i
IE ~i— D 2 < A +
o [ feizb,Fs(D)?] = Noi
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Proof. By Claim 3.2,

=i-b 3i2+iC pi
%% [F|5] N 2 ! .

[ feico,rs(D)] <

DS () v
Note thgt since F is (r, ¢)-pseudorandom, W="*[F|3] < u(F|p) < e. Using the bound
(f:g) > (£/1)I=f completes the proof. |

Corollary 3.4. Let 0 < b < i be integers, and let B C [n] be of size b. Then

22i+1ii—b

, e D3P+Cypi

[E ~1 B U D < ; + ,
DC[n)\B [ frir(B U DY ei-b o
|D|=i-b

where C > 0 is some absolute constant.

Proof. By Corollary 2.17

2

le‘,p(B U D)2 = Z (_1)|Y|fzi—b,F|B\y(D)

YCB

< 2|B| Z fzi—b,HB\y(D)z/

YCB

the last inequality is by Cauchy-Schwarz. Therefore by linearity of expectation and Corollary 3.3

[fir(BUDP| <2} E
Dc[ \B De|
Dt YeB\p |nz b

[fzi—b,ﬂB\y(D)Z] -

Fix Y C B, and note that sampling D C [n]\ Y yields a D that is disjoint from B with probability
atleast 1 — i>/n > 1/2; conditioned on that, the distribution of D is uniform among the subsets
of [n]\ Y of size i — b. Thus,

~ D 2:| < 2 E [ ~i— D 2]/
DC[n]\ [f ~i—b FlB\Y( ) Dg[n]\y 1 b,FlB\y( )
|D|=i—b |D|=i-b

and plugging this bound yields that

e 23i2+iC€i
FarBUDP <21 Y E[fp, 08 <2 Y =
YCB ?C|_”l ; YCB n
92i+15i=b | ¢ 23i2+iC€z'
< : +
gi-b Vn
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3.2 A lower bound on the fourth moment
Claim 3.5. If n > (2247+iC5~4 then 4 [F4[A]] > L.

Proof. Note that
n=<(F,F=;) =(F, Fx;) + (F,F=; = Fx;).

By Cauchy-Schwarz and Theorem 2.12 we have

22i2+iC£i n
(F Foi = Fi) < IFIRIF= = Falls < Vo= < 5

by assumption on 71, and 11 > 6. Thus, (F, F~;) > 1/2. Using Holder’s inequality we get that

(F,F=iy < ||FllajsllFxilla < 6%*(|Fxilla,
4
and combining we get that ||Fx;||] > 12?' O

3.3 An upper bound on the fourth moment

The following lemma is the main technical result of this section. For the proof, we first define
the notion of intersection patterns. For A = {x1, ..., x¢} thought of as a set of £ symbols, let

D(A,d) = {(11,12,13,14) |11,...,I4 - A,l[l Ul Ulg UI4| = d},

and note that |D(A, d)| depends only on ¢,i,d — denote it by ;4. Fix d and a tuple
(Ii,...,Is) € D(A,d). Consider a 15-dimensional vector g, that has a coordinate for any
non-empty T C {1, 2,3, 4}, whose value on coordinate T is equal to the number of elements in
Nierl;. We refer to this vector g, as the intersection pattern of (I1, I, I3, Is).

Lemma 3.6. Suppose n > 24i2+iC€2i+1r]‘2; if F is (i, €)-pseudorandom, then

22i2+z‘c /5

4 o(i)
E[in[A]] <e en+—n1/4 .

Proof. By opening the brackets we have

4 —
E [Pzz[A]] =L

fzz'(11)fsi(lz)fzi(h)fzi(h)]-

Ih,I2,I3,14CA

Thus, using our notation we get that

47
4 _ . X . .
£ [F414]] = dZ k| E [fzz(ll)fzz(Iz)fxz(13)fxz(l4)]],
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where by the expectation on A we mean that the symbols x1, ..., x; are sampled uniformly so
that A is uniformly chosen from ([’Z]).

We note that by symmetry, the probability a tuple (Iy, ..., I4) is sampled depends only on its
intersection pattern. We denote by B(G,) the probability that a specific intersection pattern 64
is chosen, and by y(6,) the distribution over the tuples (I, ..., I4) that have this intersection
pattern. Then

4i
4 — 2 \3. . ) ) .
E[FLIA]] = ) ) BGa)iaE i E o Ui f(f). - @1

d=i 34 ..., IsCA

Note that now the distribution over (I3, ..., I4) is uniform over all quadruples whose union has
size d and its intersection pattern is g4, and thus

-

(I, I2,13,14)~y (04

4i
EFLIA =D, D BB E el fille)fills) fuslle)

d=i o,
The following lemma is key in completing the proof of Lemma 3.6.

Lemma 3.7. There is C > 0 such that the following holds. Suppose n > 24°+Cg2+1n=2 Lot i d be
integers such that i < d < 4i and let 64 be any intersection pattern. Then

22i+2id€n 21.5i2+iC€O.5i

g4 + nl/4

E [fri(T1) f~i(I2) fri(I3) fri(1a)]

(I1,12,13,14)~y(G4)

<

We defer the proof of Lemma 3.7 to the next section and show how to complete the proof of
Lemma 3.6 based on it. Using Lemma 3.7 we see that

4i 2i+2:d ., 1.5i2+iC p0.5i
. 2797 %4%en 2 !
(3.1) < Z Zﬁ(ﬁd)ﬁi,d,e ( @ T )

d=i 3,

Note that \ ) B
0\ (d le d-e\” _ ;
par = (i) = (5] (5] <o

and so by the previous inequality

4i 2i+2:d 1.5:2+iC p0.5i 2i2+iC p5i
27 i%en 2 l ; 2 {
2: 2: = Nod 3—d )
s S ( ZE T ) < eWen+ T oala
d=i G,
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3.4 Wrapping things up
Proof of Theorem 2.18. Combining Claim 3.5 and Lemma 3.6 we see that

774 A o) 2i*+iC g5i
1
To5 < E [F2,IA]] < e®Pen+ i

Rearranging we see that

27 0 0 ()5el 4
nh nl/3 =

0(i) s .1/3
n<e WVoel? + YL

the last inequality is by n > 62. O

3.5 Proof of Lemma 3.7

Proof. Let x1, ..., x4 be chosen independently and uniformly from [n]. Thinking of x1, ..., x, as
symbols, we let Py, ..., Py C {x1,..., x4} be fixed sets whose intersection pattern is 6;. Namely,
each one of P1, P>, P3 and Py is as a set containing i of the symbols x1, ..., x4, and the intersection
pattern of these sets is exactly 6;. We would like to consider the value of f.; on the P; however
for a specific choice of x there is some small probability that P; is a set of smaller size. We extend
the definition of fv;(I) to be 0 if |I| < i. Thus, we note that

d2
< —lflll,

E [fei(P1)f~i(P2) f+i(P3) fxi(P)] = E ) [f~i(I) fxi(T2) f~i(I3) fri(14)]

X1yeees (It,I2,13,14)~y (64

since the distributions of the sets I and the sets P are %z—close to each other in statistical distance
(as they are only different if some repetition occurs in one of the P;). Therefore, it suffices to
show an upper bound of the expectation involving the P;.

Proposition 3.8. If G, is such that there is an x; that appears in only one of the P;, then

23i2+c1' 42
<

(3.2)
Fix x3, ..., x4 and denote | = {x, ..., x4} N P1. Since x1 € P1, we have that |J]| < |P1|-1=i-1.
Additionally

d2
|Ex, [f~i(P1) [ x2, ..., x4]| < + Ml filleo-

E [f~i(D)]
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231 +Ci

The latter expectation is upper bounded by
we conclude that

from Fact 2.13. Combining this with Fact 2.14

93i*+Ci 42
By [fxi(P1) [ %2,y xa]] < ——
Using this, the triangle inequality and Fact 2.14 on (3.2) completes the proof. O

Thus we may assume that every x; appears at least in two sets. Next, denote by Hy =
P1 N P> N P3N Py the set of those x; that appear in all sets, hy = |[Hy|, H3 the set of those x; that
appear in exactly three of the sets, 13 = |H3|, H> the set of those x; that appear in precisely two
sets, hy = |Hy|.

Claim 3.9.

E . [ f~i(P1) f~i(P2) f~i(P3) f~i(Pa)]| <

Hy,Hs,H>

4
JE LT E 2]
j=1 VI

Proof. Let x € Hy, and suppose Pj,, P;, contain it but not Pj,, P;,. Then the left hand side is at
most

~i(P ~i(P [E ~i(P ~i(P
N (LS TR TR RN
Applying the Cauchy-Schwarz inequality on the inner expectation, the above expression is
upper-bounded by

Continuing in this manner—namely picking each time a new variable from H», isolating the
two terms that depends on it and applying Cauchy-Schwarz on that expectation, yields the
desired bound. For example, continuing another step, say we have y € H, that appears in Pj,,
Pj,, we write the expectation as

@] [FoiP)] \/[E [F2(P5)] \/[E 2@ ||

Hy,Hs, Hz\{ } [

j2r

Vel Je 12wl 1l Lz ||

Hy,H3, Hz\{x v}

(P: 2(p. (P2 2(p.
<o Erpoy [0 JE LD E [P | [E [Fer] ' o
We next give an upper bound on the quantity
2 (P; .
uEa, | | [fNZ( )l (3-3)
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Using the Cauchy-Schwarz inequality,

<3.3><\/H4 |elzeE [f~l(Pz)]]\/ |El2eaE e

S Hgfrwlli?f(H‘l \/H3\E,H2 [ 31 (Pl)] HBIRI%),(Hz; \/Hs\g’zs,Hz [ 3i(P4)]
\/H4 E, [fm(Pz)]\/ E @) (3.4)

The product of the third and the fourth term is equal to

» 2. .
) n- it 231 +1C€z
(P3)| < — +
U= <+ =
4

Where the last inequality is by Claim 3.2 and the estimate (f) > (7)1

Next, we estimate the maximums. For j = 1,2, 3,4 define H3 j = H3N P;. Apply Corollary 3.4
on the first maximum with A = (Hy, H3 1 N P;) and B = (Hy N Py, H3 1 \ P2), we get it is at most

(A y B) 221+1Z|B|€ 23i2+iC€i - 2i+1l‘/\1/2\/g N 21.5i2+iC€0.5i
f~ ¢|B| N = /2 nl/A ¢

where Ay = |Hy N Py| + |H3,1 \ P2| (we remark that this is the place in the proof where the
pseduo-randomness of F is used). Similarly, the second maximum is upper bounded by

2i+1i/\2/2\/g 21.5i2+iC€0.5i
+
A2/2 nl/4 /

where Ay = |[Hy N Py| + |H3 4 \ P3|. Combining everything, we see that

02i+2;5(2i+A1+A2) en 9 1.5:%+iC 0.5

(3.4) < (3.5)

03Qi+A1+12) " nl/4
By counting occurrences of points in the P,, we get that i = hy+|H N P>|+|H3 2| and by counting
occurrences of points in P3, i = hy + |Hy N P3| + |H33|. Also, note that H3; \ P, = H3 \ H3»
since any x € H3 \ H3 is in 3 of the sets but not in P,, and hence it is in P1. Thus, |H31 \ P2| =
|Hsz \ H32| = h3 —|H3 2| and similarly |[H3 4 \ P3| = |H3 \ H3 3| = h3 — |H33|. Plugging everything
into (3.5), we see that twice the exponent of ¢ (and also 7) is equal to

hy+ |Hy N Pa| + |H32| + hy + [Ha N P3| + |Hs 3| + |[H2 N P1| + [Ha N Py| + h3 — |H3 3| + ha — [H3 2
which is 2(hy + h3 + hy) = 2d. Thus,
92i+2;d en 21.5i2+iC€O,5i

(34) < 7 + Y7 O
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4 Pseudorandomness implies expansion

Proof of Theorem 2.19. Let S be a set as in the Theorem, and let F be its indicator function in
J(n, ¢, af). Note that
6(1=d(S)) = (F,J(n, £, al)F). (4.1)

Claim 4.1. ,
(F,](n,¢,al)Fy = ZAi(n/€/ al)W='[F].
i=0

Proof. Writing F = F_ + ... + F—; we have

¢ ¢ ¢
(F,J(n,€,al)F) = (F, Z J(n, €, al)F=;) = (F, Z Ai(n, €, al)F=;) = Z Ai(n, €, al)(F=i, F=i).
i=0 i=0 i=0 O
To prove Theorem 2.19, we bound the right hand side of Claim 4.1; contribution of small
values i is bounded by appealing to the pseudorandomness properties of F, and contribution of
large values of i is bounded by using the fact the corresponding eigenvalues are small. Below
are the details.

By Lemma 2.10 we have that
t i
Ai(n, €, al) < Q+ ¢ < A £ =a' +

() n-t

so we conclude that

r 4
<F,](7’l,€, OM)P> < Z aiwzi[F] + Z [Xiwzi[F] + nLif

i=0 i=r+1

Let i < r. Observe that since S is (7, ¢)-pseudorandom it follows that S is (7, ¢)-pseudorandom.
Therefore, applying Theorem 2.18 we see that fori =0,1, ..., 7,

=i O(i) s . 1/4
WT™[F] <e"Voe +n1/24'

For the second sum, note that by Parseval the sum of all weights of F is at most 6. Hence,
combining these two facts we conclude

r !{
i,0() 5 1/4 1+l , r
(F,J(n, €, al)F) < Z aieODsel/d 1 Z WolFl+ —
i=0 i=r+1
o(r)s 1/4 r+1 r
<e Voe !+ 6" + T
Plugging this into (4.1) and simplifying yields ®(S) > 1 - aft1 = O g1/4 _ ,11/124(5- O
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5 Proof of Theorem 2.20

Let S be an (7, ¢)-pseudorandom set, and F be its indicator function. The proof of Theorem 2.20
follows the same outline as the proof of Theorem 2.18, except that we use higher moments. Let
0<i<r.

Throughout this section, we denote by C an absolute constant (that may not be the same in

different occurrences), and assume that n > (23r2+rC€2r)4m(2m‘1)26‘4.

2m

Claim 5.1. Ea [F2'[A]] > sz

Proof. As in Claim 3.5, we have that (F, Fx;) > 11/2. On the other hand, by Holder’s inequality
we have
(F, F<i) < IFllam/@m-lIF~illam = 6@ D/ 2| ELillam.

Rearranging yields the result. m]

The intersection pattern of Py, ..., P2y is a vector o indicating the sizes of all intersections of
any collection of the sets.

Lemma 5.2. Let o4 be an intersection pattern for 2m sets, and let P, . .., Py, be sets that match this
intersection pattern in the symbols x1, ..., x4. Then

2m id .2m—1 8m~(3i2+iC)/2m(2m—1) pi /2m(2m—1)
; 20172 !
- (P < 4m1+2ml € n . .
xl,.[E,xd ngl(P]) 2 ¢od + 11 1/4m2m—1) (5.1)

The next section is devoted to the proof of this lemma.

5.1 Proof of Lemma 5.2

Let 04 be an intersection pattern. If among x1, . .., x4 there is a variable that appears only in one
of the P; then the lemma holds trivially:

Proposition 5.3. There is an absolute constant C > 0 such that if there is an x; that appears in only one
of the P; then

2m 2 s
2(m+2)z +iC 42
) . <=-—
o E || 158
j=1
Proof. The proof is the same as the proof of Proposition 3.8. O
We thus assume from now on that each x; appears in at least 2 of the P;. Fors =2,3...,2m,

let H; be the set of those x; that appear in exactly s of the P;. For convenience, let us also denote
H}S :HsUHs+1U...UH2m anngs :HZUH3U...UH5.
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d
For each one of the P-sets, define e1(P) 2 | f~i(P)| and for s > 2 define
def
es(P) = E [fL(P)]

(we note that e(P) is only a function of P N H;).
Foreacha =2,3,...,2m,define an operator p, onrandom variablesby p,(Z) = Ep, [Z“/(“‘l)] .

d
Forj=1,2,...,2m — 1, define T; ;(P) <f ej(P). Inductively for a > j, define

Ta(P) Y pulT0a(P)) = E [lea_l(p);j]‘

)|, and for each s > 2 let

d 2m
Denote Qs[H>>] e I |fzi
j=1

2m
d
Qa1 £ glfzxpm .

Note that for s = 2m, this is the term we wish to bound.

Proposition 5.4. For every 1 < s < 2m, and any setting of the variables in Hx 1, we have

1/s

Qs[Hss11] < H Ti,s(P))

We shall use the following fact in the proof, which is a direct corollary of Holder’s inequality.
Fact5.5. Let hy,..., hy: ([}’;]) — R. Then
71 hglle < [lBallg - -~ llRgllg-

Proof of Proposition 5.4. The proof is by induction on s. The base case s = 1is trivial. Lets > 1,
assume we have proven for s, and prove for s + 1. Note that

Qs+1[H>s+2] = H[E [Qs [H>s+1]]-

Applying the induction hypothesis, we get that

2m

Qutal < g [

s+1

j=1
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Iteratively, for each y € Hs,1 we consider the s + 1 sets P it appears in, and then apply Fact 5.5
on them. Thus, for instance suppose we have that y isin Py, ..., Ps41, then we would get

s+1 1/(s+1) 2m

Qs+1[Hss2]l < E l_[ (lE [Tl,s(Pj)(s+l)/s]) l_[ Tl,s(Pj) .
HS+1\{y} ]:1 Y j:S+2
Repeating this process for every y € H;.1, one gets
2m 1/(S+1) 2m
\(s+1)/s _ A1/(s+1)
Qs+1[Hzs+2] < !:1[ (HS+[1Eij Th,5(Pj) ]) = g T1,5+1(Pj) : O
Thus, we have that
om 1/2m
LHS(5.1) < ]_[ TiomP)| (5.2)
j=1

Proposition 5.6. For any P-set Pand 1 <j <2m -1

_2m_
Tj 2m(P) < Tjs1,2m(P) - nax ej(P)7iD.

>j+1

Proof. Fix j < 2m —1; then

]

Tic12m(P) = pam o ... 0 pj (ej-1(P)) = pam © ... 0 pjs1 (E [ej—l(P)j/(j_l)]) :
Clearly, for all settings of Hx ;1 we have

E [e]._l(p)f/w-l)] < E [¢j-1(P)] maxej1(P)V) = ¢j(P) maxej1 (P)/VV.
Hj H H; H;

<

Also, note that each operator p, is monotone on non-negative random variables, and for a
random variable Z and a constant ¢ > 0 we have that p,(cZ) = p,(c)pa(Z). Thus, combining the
above two we get that

Ti-1,2m(P) < [pam © ... 0 pj+1l(ej(P)) - [pam o ... 0 pj+1](mHaX ej—1(P)/U™D)
>j
= Tj2m(P) max ej-1 (P)>HUD. O
>j

Repeated application of the above proposition yields that for any P-set,

2m-1 2
T1,2m(P) < Tom,2m(P) 1—[ max ea(P)% = l_[ max e, (P)2"9(@).
a=1

m
>a+1 a=1 Ha41
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where g(a) = a(a+1) fora < 2m —1and g(2m) = 5-. We used the fact that Toy 2 (P) = eam(P).
Plugging this into (5.2) yields

2m 2m

LHS(5.1) < ]_[ ]_[ max e,(P;)?@. (5.3)

Hsq41

j=1 a=1

Using Corollary 3.4, we see that for a < 2m,

|IPNHg,| 23i2+z‘C€i
2i+1} €
max e, (P 2 + +
Hxo41 11( ) €|POH<g| vn

For a = 2m, by Claim 3.2
ileH@ln 23i2+iC€i

max e,;(P) < +
paxeaP) < reml T

Therefore, plugging into (5.3) we get

;|[PinH <] 3i2+iC pi 2m 2m-—1 | P;nH,| si2+ic i | 7@
LHS(5.1) < ]_[( n, 2 g n ]_[ p2i+1! e, 2t
j=1

|PinHeom | ¢|PiNH<a| \Vn

g(2m) ) , g(a) P min(g(2m-1),9(2m))
P H< m m ; <a
< (zl iNHgo |17 l_[ 21+1Z|P]0H\ |€ 4 o 23i*+iC pi
. €|PJQH<2m|
j=1 a=

iz ¢IPinH<| Vi
2m 2m < 2, .~ o\ min(g(2m-1),g(2m))
24mz+2m 2m—1 l_[ l_[ 94 [PinHe| 8im 23 +iC i (5.4)
eg(a) |P ﬂH<a \/ﬁ ’
2m-1
where to compute the power of ¢ we used the fact that Y, g(a) = 1 — 55 (telescoping sum).
a=1

Consider the last product. It is equal to

2m 2m a s9(a) |P;nH, | om  a Zg(ﬂ)E‘ |PinH; |
l_l 1—[ l_l ég(a) |P]ﬂH, N l_l 1—1 2m

j=1 a=1 r=1 a=1 r=1 eg(u}; |PinH, |

j9(a)7|Hy |

- l_l l—[ ¢9(a)r|H|

2 2m g(a)-r|Hy |

:DHW

2m JIHr| Z g(a)
1 a=r

2m :
=1 I % 0
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In the second equality, we used the fact that each element in H, is counted r times by the P;. In

2m
the third equality we interchanged the order of multiplication. Note that Y, g(a) = 1, hence the
a=r

last product is equal to

2m

> |H
o, AT
1 1 H |~ 2w T gd-
L
erzl

Plugging this into (5.4) yields

idn€2m—l N 28m2(3i2+iC)/2m(2m—l)[i/Zm(Zm—l)

4mi+2m
LHS(5.1) £ 2 T 1 1/4m(@2m=1) ’

concluding the proof of Lemma 5.2.

5.2 Concluding Theorem 2.20

In this section, we finish the proof of Theorem 2.20. The following corollary is proven using a
similar argument to the one in Lemma 3.6. Since the proof is almost identical, we give a rough
outline of it.

Corollary 5.7. If F is (i, )-pseudorandom, then

) 28m23i2m+imC€(2m+1)i
E [F2I[A]] < (10m)*"ine™ 2 +

nl/(dm(2m-1))

Proof. Asin (3.1), we expand out

2mi
FZm[A ] = ZZﬁ(Gd),Bzdé’m[E " I[E) o [feil) - fei(Ta)]|, (5.5)
= A

where 6; now ranges over all intersection patterns of 2m sets of size i, f(7;) is the distribution
over the intersection patterns and f8; 4 ¢,,» counts the number of Iy, ..., I, € A of size i whose
union has size d. We then appeal to Lemma 5.2 (instead of Lemma 3.7) to bound the absolute

value of the expectation inside, and use the crude bound f; 4.¢,m < (2) (‘f)m < 094%™ to finish
the proof. O
Combining Claim 5.1 and Corollary 5.7, we get that

2m 8mn3i2m+imC p(2m+1)i
; 202 !
Ui < (10 )4mzn€2m—2 +

22m §2m-1 nl/(dm(2m-1))
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Rearranging we get that
210m23i2m+imC£(2m+1)i 52m=1

2m—1 2m 4mi 2m—-1 2m—2
n < 27™M(10m)*" o € + nl/(@m@2m-1)) n ’

taking (2m — 1)-root yields
03i%+iC p2i S 03i%+iC p2i

n < 16(10m)% 5l z1 + < 16(10m)¥ 5el~ 7T +

n1/(@m@2m-1)?) ,71/(2m—1) nl/@m@2m-1)?2)"

finishing the proof.

A Missing proofs

A.1 Proof of Fact 2.13

Let a; = max|r|<; |ur(f~i)|- For a;, we note that u(f~1) = 0, so a; = 0. Next, we bound a; in terms
of a1, ...,ai-1, and thereby prove Fact 2.13 by induction.
Let ] be such that a; = |y](fzi) ,

i) = E <D= E |i(F) = Z D, fal)

=0 |I'|=i",I'CI

i—1

w3 Y fall)= E D) 2 forl)

i’=0 |I'|=i",I'C] =0 |I'|=1
I'cl

rej

-E ZZMU

=0 |I'|=1
I'cl
rej

where the last equality is by definition of f.;(J). We may write

ferI') = Z Z far(I),

\I'|=i’,I’'CI,I’'¢] RG] |I'|=t
[RI<i’ I'cl
I'nJ=R

and plugging that in above yields

i—1

i) ==, > aiirE | E e,

i’=0 Rg],IR|<i’ = rner
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where a; i jr counts the number of I’ C I such that I’ N ] = R; we will only use the fact that
ai,ivjr < 2',and get that

i) <2 max
i (fi) < i R,|R'|<i"

E [fzi'(ll)]

I2],ICl.’nj=R

Fix i” and R that maximize this. Note that the distribution over I’ is uniform among these that
satisfy I’ N | = R, so the expectation above is equal to

1 1 ” ’
(I 1paj=r]| = —D)RWIE ] fein ()1 pare
Pry [I’ﬂ]:R];E[fNZ( ) IﬂI—R] Pry[I’N] = R] R;g( ) [F[f“( Mror]
Pry[I' 2 R']

= “DF R (£,
RCR'C] Prol'nJ = R]( lt

where in the second transition we used Claim 2.7. Combining everything, we get that

i-1

Pry, [I' 2 R’
ai=ly(fl <> ) Pr;I[I[’ m? - 1]{] e (fair)]

i'=0 RCR’CJ

For R’ such that |R’| < i’ —1, we get that |ur/(f~ir)| < a;. Otherwise, |R’| > i’, and thus |R| < |R’|,
and we have |ugr(f~ir)| < 21'2||F||OO by Fact 2.14. Lastly, we have
£(E=1)--(¢=|R"]) /
Prp[F 2R _  aeD-(-RD <O(WPW)
[I’'NJ=R] = =1)-(EIR = R'I-IR| |/
Pry [I’N] =R] ( )n\R(I ||)_Q(1) nIRI-IR|

which is at most O(1) for all |R’| > |R| and at most O (%) if |R’| > |R|. Together, we conclude
that

: 2,0l
a; < 21+Cai_1 _i_2212+CE”l:||oo

for some absolute constant C > 0. Thus, looking at the sequence b; where by = 0 and
b; =2*Cp;_1 + 22i2+C%||F |lco, we have that a; < b;, and solving the recurrence gives that

b; < (221'2+c +22i2+c+z‘+c +22i2+c+i+(i—1)+2c + +22i2+c+i+(i—1)+...+1+ic) £||F||oo,
n

giving the bound b; < 23i2+ic'%||1: ||co, for some absolute constant C’ > 0. O

Corollary A.1. Let1 < i< { and F: ([’z]) — R and assume that n > 2¢>. Then for all R of size at
most i — 1 we have

F.: <23i2+Ci€i_+1 r
|[-1R( zl)l S 1 IF ]l oo

for some absolute constant C > 0.
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Proof. By definition,

i—1 i-1
[JR(F z)— [E Zf~z(1)]: Z E Z f%i(I) :Z azﬂ |E f~z(1)
ica =0 jeR 1= =" LRy 120 JeR,]j|=j

In the last transition, we turned the sum into expectation by dividing and multiplying by a; ; ¢,
that counts the number of I C A such that N R = J; we will only use the trivial bound 4; ;¢ < ',
hence

F.))| < i2'¢ ~i(l
|ur(Fxi)| < jmax B | [f~i(D]]-
To bound this, we fix j and | that achieve this maximum, and write
1 1
- E——— —§ DIVIE [ £ui(D15p
B | [fi(D] = P TNR=T]; E [ f«i(Dlinr=s] = [[NR=]] ]C],CR( ) [E[fz( Moy ],

where we used Claim 2.7. Thus, we get

E [f~i(D]
R=]

Pry [12 ]
2 PrnR =M =)

JEI'SR

As before, we have that

’ 1=l

Pri[I 2]] <0 !
Pri[INR =] MIEEY

hence this is at most O(1) for all |/, ] (as |J’| > |J| always), and at most O(¢/n) if |J’| > |]|. Hence,

we get that

Pr;[I 2
]Q]Z;R PI']r[II[m—R]]]lu] (f~l) = 2 O ( ) ||f~z||oo + 2 O(l)max|[,l],(fm)|

Using Facts 2.14 and 2.13, this is at most 23i2+Ci% ||F || for some absolute constant C > 0, and we
are done. O

Claim A.2. Assume n > 20> and let 1 < i < {, H € J¢;—1 be given as H[A] = Y. h(I'), and
I'cA

G: ([’(f]) — R be some function. If Ep [h(I')*| < M, and E pca [ur(G)?| <1, then

|I'|=i-1

[(F~i, HY| < 07'\M.

Proof. By definition,

ey =trdaiian= (£ Je| e traamm| = (L) g eono
’ VA s

THEORY OF COMPUTING, Volume 21 (2), 2025, pp. 1-43 33


http://dx.doi.org/10.4086/toc

SUBHASH KHOT, DOR MINZER, DANA MOSHKOVITZ, AND MULI SAFRA

Using Cauchy-Schwarz, we may upper bound the absolute value of this by

!/ )

/(Fai)2 h(I')?] < 07 nM.

(i-l)\/pé [ ( ”\/IEA [h(I')2] NG o
|I'|=i-1 |I'|=i-1

A.2 Proof of Theorem 2.12
Normalizing F, we shall assume that ||F|| = 1.

1
Define G; = F — )} F~j. We show that G; is nearly perpendicular to J<;. Intuitively, this will
j=0

allow us to conclude that Z Fj is close to Z F_j for all i, from which Theorem 2.12 follows via
j=0 j=0
an easy induction.

3i2+iC  pi+l
2 l’

Claim A.3. For all R C [n] of size at most i, we have that |ur(G;)| <
constant C > 0.

for some absolute

Proof. 1t suffices to prove the statement for R of size i. By definition,
i
Ur(Gi) = pr(F) = ) ur(F=)).
j=0

Expanding, we have

‘UR(P 1)— [E [Zf~](])] Zf~](])+ [E Z f~](]) ’

JcA JER JSA,JZR

so we get that

ur(Gi) = ur(F) - ZZL () - "5 >, f0)
- |JCAJER

j=0 JER

= ur(F) = fui(R) = ZZﬂ () - A[SR D, i

j=0 JCR j=0 JCAJER

= —Z > A

=0 AR |1 ciTer
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where we used the definition of f;; it remains to bound the last sum. We partition the sum

according to ] N R:

i i

ZA[ER 22 F0=2, ) L [am,l'j'i'e]gA,]ﬂrzﬁR:R' [f~(D]

=0 R'CR JCA,JNR=R’ j=0 R'CR =
IR’|<j-1 IR'|<j-1

where a|r/| ;i ¢ is the number of sets | of size j such that ] C A and ] N R = R’; we will only use

the fact that it is at most ¢/, so that in absolute value the above sum is at most

20/ max E ~i .
j,R'CR |JNR=R’ [f / (])]
IR'|<j-1

Fix j and R’. By Claim 2.7 we have
[]E [fzj(])lfﬂRZR’] = Z (_1)|R"\R/|1]2RN,

R"”:R’CR”CR

SO
Pry[J 2 R”]

EAD] = D D e b ()

JNR=R! R”:R'CR”CR

Taking absolute value and using the triangle inequality, we get that

Pry[J 2 R”]
Sy b nR =& MR U
R”:R’CR”CR

E (0]

JAR=R’

Note that )
PylJ2R"] _  weD-GoR (elR"l—lR’l)

Pry[JAR=R] = WD-CARD gy~ \nlRHRT)
nIR'l

This is at most O(1) for all R” € R”, and as |R’| < j — 1, thisis O(¢{/n) if |[R”| > j. We thus get

from Fact 2.13 that

£ ppecil

n n

E [f)]

JAR=R’

<20 (g) +27.0(1) - 27+

3i2+iC g1.5i+1
n

Claim A4. Let j < i. Then |(G;, F)| <
Proof. Note that

D f(NGilA]

(Gi, F=)| = %
jca

- (j) ’[IE [f=1(Du(G)]

93i2+iC pi+0.5]+1
n

Using Claims A.3 and A.7 we get that [{(G;, F=;)| <
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Note that
(Gi,F=;) = (F, F=i) — (Fxi, F=i) = ||F=ill5 = (Fxi, F=i),
so we get that

231'2+iC P1.5i+1

[IF=ill5 = (Fx~i, F=i)| < — (A1)

23L +1C€1 5i+1

Claim A.5. Let j <i. Ifn > D32 +C g2i+1 e |(G1, ]>| <

Proof. Note that

_ (f) '@ [ Do)

(Gi, Fxj) = [Z fi(DGA

jca

< (f)\/ 071 7]

4i24iC pit+j+1
2 0t
n

Using Fact 2.14 and Claim A.7 we get that [(G;, F=;)| <

Claim A.6. There is an absolute constant C > 0 such that if If n > 3i2+iC p2i+1 4pon

24i2+iC€21'
|<F:j,in> - ”F%l”%| <

Proof. Note that

(Gi, Fui) = (F, Fxi) = (Fui, Fi) = ) (Fuj, Fai) = (F=i Fui) = IF<ill3 + ) (F=j, Fxi) = (Fsj, Fi).
j<i j<i

SO
241 +1C€21

(Bt Eet) = WFsile] < [(Gor Baid + D [(Fy B+ (B Bod| < = —
j<i

(1) (11 (111)

for some absolute constant C > 0. To justify the last inequality, we note that (I) may be bounded
using Claim A.2 by appealing to Claim A.3 to bound 71 and Fact 2.14 to bound M. Similarly, (II)
may be bounded using Claim A.2 by appealing to Corollary A.1 and Fact 2.14 to bound M and
n. Lastly, (III) may be bounded using Claim A.2 by appealing to Corollary A.1 and Claim A.7 to
bound M and 7. m]

We are now ready to prove Theorem 2.12.
Proof of Theorem 2.12. We have
IF<i = Fxill3 = [IF=ill3 = (F=i, Fxi) + IIFxill3 = (F=i, Fi).

Using (A.1) and Claim A.6 gives the desired bound. O
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A.3 Auxiliary claims

Claim A.7. There is an absolute constant C > 0 such that for all F: ([’Z]) - R, ifn> 2i+Cp2i+1 ypop
2||FI3

(T)\2
E[f=i(1)] < 5

Proof. By orthogonality of F-; we have

2
IFI3 > IF=il; = E (Zf:m) =E| ) P+ ) filDfiI)].

IcA ICA ILI'CA
£l

Thus,
¢ i-1
2 2 ’
1P > () (07]+ Yo £ | B LD,
r=0 InI'=R
where 4, ; y counts the number of I, I’ C A that intersect in a set of size r; we will only use the
obvious bound a, ; ¢ < £?'. Thus,

, IFI5 ,
il < =2 +it% max | E [fu(D)f=D)]). (A2)
() r<i—=1,|R|=r| LI
! INI’=R

Fix r and R that maximize this. Then

E iD= 5

InI'=R

np[IND = R]}E, [IE [f=i(1)f=i(1’)lm,:R]]

: E|fl) ) (—1)|R,\R|[|IE[f:i(l)ll;R’]],

~ Prp[INI=R]r R

where we used Claim 2.7. Thus, in absolute value this is at most

RIS I;r[IzR']wR/(f:in],

1
——=E
PI‘[]]/ [I NIl = R] I REFer

and using Cauchy-Schwarz this is at most

1
Priv[INI =R] E[f=l )Z]J[IE'

2i Z PIr[IQR']ZLUR’(f:i)lﬂ

RCR'Cr
. PI'[ [I D R/]Z
= JEU=EPTE —— |ur (f=)I?|-
! ! réger Pror [INT =R]

D
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We inspect (I). As before, we have

5 R'TP 2(IR"1-IRD)
Pry[I 2 R'] =0 (f) ‘
Pr[,p [INI"=R]

n

The contribution from a single R’ such that |R’| < i is 0 by Lemma 2.8. Otherwise, R’ = I’ and
as |R| < i the contribution is at most

O(21)¢?
nz

E | =]
Overall, we get that
2¢
VD) < O == |l =il
n
Plugging everything into (A.2) gives that

||1:||% i +C p2i+1

O

2
1 f=ill3 <

I £=ill3,

2i+C €2i+1

and as =—,

< 1/2, we get that
2||FII3

(i

I1f=ill3 <
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